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SUMMARY 

It  1.8  shown  that,  given  a  pair  of  Infinite  metric  spacea 
and  a  pair  of  respective  finite  mixed  strategies  on  them, 
there  exists  a  separable  game  with  bounded  continuous  payoff 
on  their  cartesian  product  such  that  the  given  strategies 
constitute  the  unique  solution  of  the  game.  If  the  spaces  are 
identical,  then,  corresponding  to  any  given  finite  mixture, 
one  can  find  a  symmetric  polynomial— like  game  with  bounded 
(skew-symmetric)  continuous  payoff  such  that  the  given  strategy 
la  the  only  optimal  one.  A  stronger  conclusion  holds  If  the 
spaces  are  bounded  subspaces  of  Euclidean  n— space  with  suffi¬ 
ciently  many  cluster  points  in  their  closures,  in  that  the 
payoff  can  be  a  polynomial  and  have  the  desired  property 
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A  NOTE  ON  POLYNOMIAL  AND  SEPARABLE  GAMES 

David  Gale 
Oliver  Gross 


1 .  INTRODUCTION 

A  two— person  zero-sum  game  P  Is  called  polynomial— like 
or  separable  If  its  payoff  function  Is  of  the  form 

M(x,y)  -  ^2^fj^(x)g^(y) , 

where  x  and  y  are  elements  of  any  strategy  sets  X  and  Y. 
Important  special  cases  of  separable  games  are  those  In  which 
X  and  Y  are  bounded  (usually  compact)  subL>eto  of  Euclidean 
spaces  and  M  Is  a  polynomial  in  the  coordinates  of  x  and 
y.  Th.ese  latter  are  called  pol^’nomlal  games . 

It  Is  a  basic  and  fairly  elementary  fact  concerning 
separable  games  [ij  ,  that.  If  optimal  strategies  exist,  then 
these  can  always  chosen  to  be  finite  mixed  strategies.  We 
consider  hero  the  Inverse  question:  Given  a  pair  of  finite 
mixed  strategies,  does  ti.ere  exist  a  separable  (respectively, 
polynomial)  game  whose  unique  optimal  strategies  are  the  given 
pair?  In  case  either  X  or  Y  Is  f*  ~ltc  the  answer  Is  known 
to  be  In  the  negative.  We  here  show,  hc^^ever,  that 

T;u  orem  1 .  X  and  Y  are  metric  spaces  containing 

Inf Inl  tely  many  points  and  and  v  are  any  finite  mixed 
strategies  on  X  and  Y  respective ly ,  then  there  Is  a 
ray  f  M,  bounded  continuous  ^lnd  separable  on  X  X  Y,  such 
t.-.at  the  associated  game  has  and  v  ^  unique  optimal 
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It  Is  shown  that,  given  a  pair  of  Infinite  metric  spaces 
and  a  pair  of  respective  finite  mixed  strategies  on  them, 
there  exists  a  separable  game  with  bounded  continuous  payoff 
on  their  cartesian  product  such  that  the  given  strategies 
constitute  the  unique  solution  of  the  game.  If  the  spaces  are 
Identical,  then,  corresponding  to  any  given  finite  mixture, 
one  can  find  a  symmetric  polynomial— like  game  with  bounded 
(skew— symmetric )  continuous  payoff  such  that  the  given  strategy 
Is  the  only  optimal  one.  A  stronger  conclusion  holds  If  the 
spaces  are  bounded  subspaces  of  Euclidean  n-space  with  suffi¬ 
ciently  many  cluster  points  In  their  closurer.  In  that  the 
payoff  cam  be  a  polynomial  and  have  the-  desired  property. 
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A  NOTE  ON  POLYNOMIAL  AND  SEPARABLE  GAMES 

David  Gale 
Oliver  Gross 


1 .  INTRODUCTION 

A  two— person  zero-sum  game  P  Is  called  polynomial— like 
or  separable  if  Its  payoff  function  is  of  the  form 

M(x,y)  -  ^2^f^(x)g^(y} , 

where  x  and  y  are  elements  of  any  strategy  sets  X  and  Y. 
Important  special  cases  of  separable  games  are  those  in  which 
X  and  Y  are  bounded  (usually  compact)  subsets  of  Euclidean 
spaces  and  M  Is  a  polynomial  In  the  coordinates  of  x  and 
y.  T^.ese  latter  are  called  pol^’nomlol  games . 

It  Is  a  basic  and  fairly  elementary  fact  concerning 
se;  arable  games  ,  that,  If  optimal  strategies  exist,  then 
tnese  can  always  ’e  chosen  to  'e  finite  mixed  strategies.  We 
"onslder  !.ere  the  Inverse  question:  Given  a  pair  of  finite 
mlxe  1  strategies,  does  t!ere  exist  a  separable  (respectively, 
polynomial)  g  ire  whose  unique  optimal  strategies  are  the  given 
pair'  In  :ase  either  X  or  Y  Is  finite  the  answer  Is  known 
to  be  In  the  negative.  We  here  show,  however,  that 

'H.eorerr.  1 .  ^  X  and  Y  are  metric  spaces  containing 

Infinitely  many  points  and  and  v  are  any  finite  mixed 
strategies  on  X  and  Y  rcspecl 1 ve ly ,  then  there  Is  a 
payoff  M,  1 ounded  continuous  amd  separal  le  on  X  A  Y,  such 
tr.at  the  nssor^lated  game  has  and  v  ^  unique  optimal 
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Ptrategiea . 

Corel lary .  Is.  ^  metric  apace  containing  Infinitely 

many  poltits  and  m  1_8  any  finite  mixed  strategy  on  X,  then 
there  la  a  skew— aymme trie  [  ayof f  M,  bounded  continuous  ana 
separable  on  X  x  X  such  that  the  asaoclated  symmetric  game 
has  as  tl  e  unique  optl mal  strategy . 

For  the  case  of  polynornlal  games  we  show: 

Theorem  2 .  ^  X  and  Y  are  bounded  subsets  of  fluclldean 

spaces  whose  closures  contain  Infinitely  many  points , 
then  for  any  finite  mixed  strate  es  .  and  there  exists 
£.  polynomial  payoff  function  M  Tuch  tfmt  the  assi^clated  game 
has  and  as  Its  unique  oj.  tinal  ctrategles . 

(An  analogous  corollary  holds  here,  also.) 

Concerning  the  foregoing  'n.eorer.  2,  we  remark  t:  at 
Gllckcberg  and  Gross,  2^],  have  si  o'.-ai  that  any  pair'  of  mixed 
strategies  can  te  the  unique  solution  of  a  continuous  game  on 
the  unit  square.  For  finite  mixtures,  ;owever,  their  ^-onst ruction 
Is  complicated,  Involving  conslil'^rat Ion  of  four  special  casec  , 
and  the  payoff  funct'on  Is  not  a  polynomial,  noi’  even  separatle. 
Tyie  rather  simple  const  rue  1 1  on  Involved  In  our  proof  of  Theor-em 
?  shov.’s  that  tlielr  result  still  .rolls  under  tie  rucl  stronger 
requirement  that  tr.e  payoff  e  -  polynomial. 

Finally,  we  ere  lit  Dres'-er,  Karlin  and  Slarley,  ,  for 
their  z’ather  exhaustive  stulv  of  t  structure  ol’  solutionc  of 
se'-aralle  and  :"olvnorl3l  gar-'es.  !lcweve:',  their  results  jc  not 
Induce  tre  th  eorems  ;  rove  ‘  In  this  note.  In  ;ec*  1 ,  one  of  the 
a:  ove  H’ctr.ors  .nas  pointed  out  tnat  the  construction  of  the  next 
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eectlon  provided  a  oounter-example  to  one  of  the  conclusions  of 
a  structure  theorem  In  |1|,  and  fortunately  (for  mathematics)  an 
error  In  the  proof  of  that  part  of  the  theorem*  was  subsequently 
uncovered. 

2.  POLY?*OMIAL  QAMES  VTITH  PRSSCPIBSD  UNIQUE  SOLUTIONS 

Tnls  section  contains  the  proof  of  Theorem  2.  Let  X 
and  Y  be  sets  satisfying  the  hypothesis  of  the  theorem  (We 
nause  to  note  that  boundedness  of  X  and  Y  la  required  to 
Insure  Integrablllty ,  since  polynomials  may  otherwise  be 
unbounded.)*  Let  be  the  mixed  strategy  which  assigns  the 
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where  'x  -  x*'  Is  the  usual  Euclidean  dlstan'e  from  x  to 

X'  . 

It  Is  clear  that  a  ove  functions  are  polynomials;  how— 


•n.eorem  ' ,  fourth  Inequality  r.p.  176— 17t  of  [l]  . 
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ever,  aside  from  continuity,  the  only  properties  of  them  which 
we  shall  use  are  the  following: 

fQ(x)  >  0  for  all  X  €  X  and  *  0 

If  and  only  If  x 

f^(x)  >  0  for  all  X  fc  X  and  fj^(x)  ■  0 

If  and  only  If  x  ^cr(^)  -  »  (i  •  ...»  m). 

f|(Xl)  «=  1  ,  i  -  1 ,  .  .  .  ,  rr.. 


In  a  precisely  analogous  manner  we  define  t!.e  polynomials 

g^  and  gy  j  -  1,  n,  on  t;.e  set  Y. 

Next,  let  a„,  a  ,  a  be  n  i  distinct  cluster 

LJ  1  n 

points  of  7  (the  ''looure  of  X)  whlchi  Jo  not  meet  ‘^(u) 
(these  exist  hypotnesls),  and  define  pol^momlals  ^  and 
j  -  C . n  on  X  via 


(^(x) 


k-0 


Xj(x) 


■TT 

k/J 

0^^ 


X  -  a. 


J  -  0, 


n 


7^  e  only  ''roportles  of  t:  pso  functlcns  we  shall  use  are 
that  they  are  all  non— regal  1  ve  ,  t:.at  J5  vanls.es  only  on  Ih,.* 


a,.,  anJ  that  d, 

var;  1  r- r.es 

on  ly 
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-..•It’ 
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b  Q  »  •  •  •  » 
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Y  and  on  Y  analogous  to  the  functions  ^  and  above. 

V/e  now  define  the  desired  payoff  M  by 

M(x,y)  =  fQ(x)^(x)  ^gQ(y)^Q(x)  +  ^2^(gj(y)  - 

(1)  -  go(y)^(y)  ^  “  "^i^^i^yj) 

We  show  first  that  and  v  are  optimal  strategies.  If 
we  compute  f':(x,^)  (in  the  usual  extension),  we  obtain 

(2)  M(x,v)  -  (rQ{x)(!((x))‘  <  0. 


To  see  this,  It  Is  sufficient  to  observe  that,  according  to  the 
prorortler.  noted  a'  ove, 

d't  «r  t 

J 

and  and  't  vanish  on  </ (v) .  Similarly,  we  obtain 


Thus  and  v  are  optimal  and  C  Is  the  value  of  the  game. 

It  follows  also  from  (2)  above  that  If  '  Is  any  or  t Inal 
strategy  for  player  I,  then  tie  spectrum  of  Is  contained 

In  the  zeros  of  *  Thus  any  oi.'tlmal  '  has  welgl  t  only  on 

the  : ure  strategies  and  a,,  and  similarly  any  optimal 

for  rl^y<?i’  II  rests! '"ts  its  weight  to  1/ 
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We  now  show  that  Is  the  only  optimal  strategy  for 
player  II.  For  suppose  v*  is  optimal.  Then,  In  the  expres¬ 
sion  for  M(x,e^),  the  second  and  fourth  terms  In  (l)  drop 
out  In  view  of  the  remark  of  the  preceding  paragraph.  Let  t/* 
assign  the  weight  t/^  to  the  point  y^,  and  a  weight 
to  the  point  We  show  first  that  the  numbers  c/J  are  all 

zero.  For,  let 


(5) 


m 


Then,  we  have 

(4)  M(x,x<*)  -  fp(x)0(x)  ^'y^Q(x)  +  -  fQ(x)0(x)|,' 

where  the  are  certain  numbers,  whose  values  will  not  affect 
the  argument.  CXir  assertion  about  will  be  proved  If  we  can 
show  that  >  •  0,  for  then,  from  (j)  and  the  properties  of  g^. 
It  will  follow  that  each  -  0.  Now,  If  y  0,  then  y  >  0. 
But  recall  that  ^  ®  ® 

J  >  0.  But  Is  a  cluster  point  of  X;  so  there  exists  an 
X  I  X,  such  that  at  x  -  x,  the  terms  In  the  brackets  cf  (4) 
get  arbitrarily  close  to  the  positive  number  7^Q(aQ),  and  If 
X  Is  not  one  of  the  x^^  or  Oj  then  i^x)0(x)  >  0,  so  that 
we  have  M(x,t/)  >  0,  and  v'  Is  not  optimal. 


Since  all  t'J  vanish,  a  simple  computation  shows  that 


M(x,v')  -  f^(x)^(x) 


n 


-  x^)^^(x)  -  f^(x)^(x)l . 


(5) 
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FlMllj.  If  ^  if  t/,  th«n,  for  mom  Mmx  k,  >  ®* 

But  th«n,  since  Is  a  cluster  point  of  X,  we  can  find  x 

close  to  but  distinct  frosi  the  and  Oj  so  that  the 

bracketed  tera  In  (5)(ls  close  to  the  positive  number 

<*4  -  and  so  that  fQ(x)^(x)  >  6.  'Rius,  once  again 

we  would  have  M(x,  t/* )  >  0  and  w*  would  not  be  optimal.  The 

only  remaining  possibility  Is,  therefore,  that 

all  k,  so  that  V  •  e'  and  uniqueness  Is  established  for 

player  II. 

Similarly,  by  a  symmetric  argument,  u'  •  4  for  any 
optimal  strategy  n'  for  player  I. 

Thus,  Theorem  2  is  established. 

3.  METRIC  SPACE  GAMES — COWSTRUCTION  OP  PAYOFF 

H  Is  section  Is  dedicated  to  the  construction  of  the  pay¬ 
off  required  for  the  establishment  of  Theensa  1  and  Its 
corollary,  which  will  be  proved  In  the  final  section.  The 
construction  and  method  of  proof  are  quite  similar  to  those 
used  in  proving  Th.eorem  2;  however,  to  preserve  continuity  rf 
presentation,  we  shall  par&phraee  Identical  details. 

Herefore,  let  X  and  Y  be  the  respective  spaces 
according  to  hypothesis,  u  and  the  respective  finite 
probability  measures  on  them,  u  and  v  will  be  described 
with  the  sane  notations  used  previously.  Finally,  let  p  and 
p*  denote  the  associated  metrics  of  X  and  Y  respectively. 
TTien,  without  further  ado,  we  Initiate  our  construction. 

The  basis  of  our  construction  hinges  on  the  fact  that  any 
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Inflnlte  metric  space  contains  a  sequence  of  disjoint  nelghtoi>- 
hoods.  To  see  this  for  X,  say,  there  Is  no  loss  In  generality 
In  assuming  that  X  has  a  cluster  point,  for  otherwise  we  are 
guaranteed  a  sequence  by  the  discrete  topology  Induced  by  p 
and  the  Inflnlteness  of  X.  Therefore,  let  x*  denote  a 
cluster  point  of  X.  First,  choose  ^  x*,  and,  for  1  >  1 
choose  so  that  0  <  p(x*,o^)  <  p(x*,Oj_j)/2.  Then,  as 

our  sequence  of  neighborhoods,  w  ,  we  set 

1  -  1,  2,  ...» 

where  ■  p(x*,Oj)/5.  It  Is  easy  to  verify,  using  the 
triangle  Inequality,  that  these  neighborhoods  are  disjoint. 

Therefore,  let  |  denote  a  sequence  of  disjoint 

neighborhoods  contained  In  X  (spheres  of  radius  rj^  centered 
at  Define  functions  J  ■  0,  ...,  n,  as  follows: 

-  J— - !-  .1  If  X  .  N 


for  some  1  (at  most  one)  and 
1  »  J  (mod  n  -f  l) 


■  0  otherwise. 


One  verifies  that  Is  a  bounded  continuous  function  on  X 

Into  the  noij-negatlve  reals,  and  which,  moreover,  satisfies 

f^j(®l)  "  r  I  *  J  n  «♦>  1) 


(6) 


■  0  otherwise. 
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Next,  let  the  function  ^  be  given  by 

(7)  ^(x)  -‘^p(x,x  ),  X  c  X, 

1-1  ^ 

(where,  as  prevlov.sly,  ^x^J  -  o-(u)).  Ttiere  Is  no  question 
about  continuity  here.  We  note  merely  that 


(B) 


t 


V(x)  -  0 
>  0 


If  X  fe  ©-(u) 

otherwise . 


Finally,  we  define  fvmctlons  fy  J  -  0, 


follows : 

(9) 

fo(x)  ■ 

^(x)  , 

and,  for 

J  6  (l. 

. . . ,  m  ^ ,  se  t 

(10) 

fjCx)  - 

^  p(x,X^) 

i/J 

m,  as 


Here,  again,  continuity  Is  Immediate,  and  we  note  merely 

that 


(11)  "  ®1J'  •••* 

where  6  la  Kronecker's  delta.  Moreover,  to  insure  bounded¬ 
ness  of  these  functions.  If  such  is  not  the  case,  we  need  only 
replace  p  by  the  function  T-l-f  the  formulas  (7)  and  (lO) 
without  affecting  subsequent  argtunents. 

Tbe  remainder  of  our  construction  Involves  defining  certain 
bounded  continuous  functions  on  Y  into  the  non-negative  reals. 


P-1216 

11_14_57 

-10- 


To  accomplish  this  we  merely  repeat  the  foregoing  construction 
with  the  replacements; 


■X" 


•m’ 


"n" 


$ 


m 

p 


"x" 


■a* 


•p’V 

mm 

j  f 


"n"  —>  "m", 
"f  "g". 


«P» 


"4" 


In  terms  of  these  functions,  then,  and  using  the  convention 
p.Q  -  Tjj  •  0,  we  define  our  bounded  continuous  polynomial— like 
payoff  M  at  follows; 

M(x,y)  -  - 

^(x)  2  (g.(y)  -  o.)^Ax) 

jto  J  j  J 

-  rtx)  2  «(,(x)®  +  «y)  I 

J=0  J  J-0  ■' 

(x,y)  c  X  ytY.  This  completes  our  construction. 

».  VERIFICATION  OF  SOLUTION  AND  PROOF  OF  UNIQUENESS 

To  vex'lfy  that  {u,e/)  Is  a  solution,  we  calculate  first 
the  expectation  M(x.,y); 

M(u,y)  -  Hy)  2  all  y 

J-0  -J 


To  see  this,  we  note  that  the  remaining  suns  vanish  hy  virtue 
of  (8),  (9),  and  (ll),  l.e.  ^  vanishes  on  e^u)  and 
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J  •  0,  ...,  m.  Similarly, 

(12)  M(x,t)  -  -  ^(x)  5  ^.(x)^  <  0.  all  X  6  X. 

jto  J 


TTiue,  (m.,'*')  Is  a  solution  and  0  Is  the  value  of  the  game. 

To  show  uniqueness  for  the  first  player,  let  denote 

an  optimal  strategy  for  him.  From  the  non-megatlvlty  of  the 
functions  In  (12),  we  see  that  ^^^du'  •  0  for  all 

J  €  ^0,  ....,  and  hence  that  otherwise, 

ty  (12),  a  covinter  strategy  Is  provided  by  -v.  Thus,  If  u' 

Is  optimal,  we  have 


(13) 


M(^’,y)  -  -  >t(y)  i  (u;  -  ^Jf.(y) 

jto  J  J 


m 


♦  Hy)  I  ^AyV 

JSO  J 


where  we  have  written 

uj  jdu' ,  J  -  0,  . . . ,  m. 

Next,  suppose  ^  ®  (and  hence,  positive).  Choose 

as  possible  counters  a  subsequence  of  the  P's.  {'’"il  such 
that  n^  w  0  (rood  m  1 ) .  Then,  by  virtue  of  the  minimlEer's 
counterpart  of  (6),  (13)  becomes 


(l^^) 


'1  n 


r(Pn  ^ 

'-n^  <-  “6  ♦i^>>  »  -  1.  2. 
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Slnce  V'  vanishes  only  on  a  finite  set  and  Is  positive  else¬ 
where,  we  see  that  the  expression  above  can  be  made  negative 
for  1  sufficiently  large.  Hence  ■  0,  and  It  follows 

from  (8)  and  (9)  that  o-(p')  c  l.e.  any  optimal  u' 

must  restrict  Its  spectrum  to  the  set  •••» 

finally,  to  establish  uniqueness,  we  need  only  show  that  the 
corresponding  weights  are  equal.  Let  denote  the  weight 

on  Xj^  placed  by  u'.  Substituting  In  our  payoff  M  we  ob¬ 
tain  (noting  ■  0), 


m 


M(u’ ,y)  -  - 


(15) 


m 


♦  ny)  I  K(y)V 
jto  J 


Now  suppose  ^  for  some  k  •  {l ,  ...,  mj.  Then, 
m  m 

since  5  5  would  have  some  J  •  Jn*  •••» 

j-1  -  , 

such  that  u*  >  u-  .  But,  by  choosing  the  subsequence  1 

Jo  Jo  I  "iJ 

with  *■  Jq  (mod  m  ♦  1),  by  the  Identical  argvunent  'sed 

before,  we  would  find  a  counter  rendering  the  expectation  (15) 

negative.  Hence  ■  Uj  and  thus  u'  •  Uniqueness  for 

the  mlnlmlzer  can  be  established  In  a  similar  manner,  as  Is 

clear.  So  TTieorem  1  Is  proved. 

Finally,  to  establish  the  corollary,  we  need  only  make  the 

appropriate  Identifications  In  our  payoff  to  ensure  that 

N(x,y)  -  -  M(y,x). 

Added  note. 


The  authors  would  like  to  thank  Or.  Irving  Olleksberg  for 


P-1 ^16 


hla  valuable  comments  on  this  paper.  As  s  matter  of  fact.  Dr. 
Ollcksberg  auf^gested  an  alternate  proof  for  Theorem  1  which 
extends  It  to  completely  regular  spaces  X,  Y.  TYie  gist  of  his 
proof  Involves  obtaining  the  extended  theorem  by  making  It  a 
corollary  of  TYieorem  1  via  a  mapping:  X  — ►  Y  — ^  R^. 
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